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ABSTRACT
We investigate the computational complexity of minimizing
the source side-effect in order to remove a given number of
tuples from the output of a conjunctive query. In particular,
given a multi-relational database D, a conjunctive query Q ,
and a positive integer k as input, the goal is to find a min-
imum subset of input tuples to remove from D that would
eliminate at least k output tuples from Q(D). This problem
generalizes the well-studied deletion propagation problem
in databases. In addition, it encapsulates the notion of in-
tervention for aggregate queries used in data analysis with
applications to explaining interesting observations on the
output.We show a dichotomy in the complexity of this prob-
lem for the class of full conjunctive queries without self-
joins by giving a characterization on the structure ofQ that
makes the problem either polynomial-time solvable or NP-
hard. Our proof of this dichotomy result already gives an
exact algorithm in the easy cases; we complement this by
giving an approximation algorithm for the hard cases of the
problem.
1 INTRODUCTION
The problem of view update (e.g., [2, 8]) – how to change
the input to achieve some desired changes to a view or query
output – is a well-studied problem in the database literature.
This arises in contexts where the user is interested in tuning
the output to meet her prior expectation, satisfy some ex-
ternal constraint, or examine different possibilities. In these
cases, she would want to know whether and how the input
can be changed to achieve the desired effect in the output.
One special case of view update that has been studied
from a theoretical standpoint is deletion propagation, which
was first analyzed by Buneman, Khanna, and Tan [3]. Given
a database D and a monotone query Q , and a designated
output tuple t ∈ Q(D), the goal is to remove t fromQ(D) by
removing input tuples from D subject to two alternative op-
timization criteria. In the source side-effect version, the goal
is to remove t from Q(D) by removing the smallest number
of input tuples from D, whereas in the view side-effect ver-
sion, the goal is to remove t such that the number of other
output tuples deleted fromQ(D) is minimized. The intuition
is that if the user considers tuple t to be erroneous, then
she would want to remove it from the output in a way that
is minimal in terms of her intervention on the input, or in
terms of the disruption caused in the output.
In this paper, we study the Generalized Deletion Propaga-
tion problem (GDP), where given Q and D, instead of remov-
ing a designated tuple t from Q(D), the goal is to remove
at least k tuples from Q(D) for a given integer k . We are
interested in studying this problem from the perspective of
minimizing the source side-effect, i.e., we want to remove
k output tuples by removing the smallest number of input
tuples from D.
Consider an example where an airline has flights from
a set of northern locations to a set of central locations
stored in a relation Rnc(north, central), and also from
a set of central locations to a set of southern locations
stored in Rcs(central, south). The conjunctive query (CQ)
Qalltrips(n, c, s) : −Rnc (n, c),Rcs (c, s) shown in Datalog for-
mat finds all the north-central-south routes served by the
airline. Now, consider a competitor that want to start new
routes in a minimum number of these segments so as to af-
fect at least k of the routes being operated by the first airline.
This can be exactly modeled by the GDP problem. More gen-
erally, the GDP problem can be used to analyzewhether there
is a small subset of input tuples with high impact on the out-
put: if removal of a small number of input tuples causes a
large change in the output, then there is significant depen-
dence on this small subset which can be a potential source
of vulnerability.
The other motivation for the GDP problem comes from the
recent study of explaining aggregate query answers and out-
liers by intervention [20, 21, 24]. Here, given an aggregate
query Q , possibly with group-by operations, the user stud-
ies the outputs and may ask questions like ‘why a value q1 is
high’, or, ‘why a valueq1 is higher or lower than another value
q2’. A possible explanation is a set of input tuples, compactly
expressed using predicates, such that by removing these sub-
sets we can change the selected values in the opposite direc-
tion, e.g., if the user thinks q1(D) is high, then a good expla-
nation with high score capturing a subset S of input tuples
will make q1(D \S) as low as possible. One example given in
[21] was on the DBLP publication data, where it is observed
that there was a peak in SIGMOD papers coauthored by re-
searchers in industry around year 2000 (and then it grad-
ually declined), which is explained by some top industrial
research labs that had hiring slow-down or shut down later
(i.e., if the papers by these labs did not exist in the database,
the peak will be lower). Although this line of work studies
more general SQL aggregate queries with group-by and ag-
gregates, it aims to change the output by deleting the in-
put tuples (if the question is on a single output, it can only
reduce for monotone queries). In this work, we study the
complexity of the reverse direction of this problem in a sim-
pler setting, where we only consider counts and conjunctive
queries, and aim to find the minimum number of input tu-
ples that would reduce the output by a desired amount.
The GDP problem is also related to the partial vertex cover
[4] or partial set cover problems [10], that are generalizations
of the classical vertex cover or set cover problems, where
instead of covering all edges or all elements, the goal is to
select a minimum cost set of vertices or sets so that at least
k edges or k elements are covered. These partial coverage
problems are useful when the goal is to cover a certain frac-
tion of the elements or edges, e.g., to build facilities to pro-
vide service to a certain fraction of the population [10]. The
GDP problem is a special case of the partial set cover prob-
lem where each element is an output tuple of a CQ and each
input tuple represents a set containing all the output tuples
that would be removed on deleting it from the input (see
Section 4).
Our contributions. We propose the GDP problem, and an-
alyze its complexity for the class of full conjunctive queries
without self-join1. Given a conjunctive query (CQ) Q that
outputs the natural join of the input relation based on com-
mon attributes, a database instance D, and an integer k , the
goal is to remove at least k tuples from the output by remov-
ing the smallest number of input tuples from the database.
GDP for arbitrarymonotone queriesQ generalizes the source
side-effect version of the deletion propagation problem for
single or multiple output tuples, since we can add a selec-
tion operation to keep only these tuples in the output, and
then run the GDP problem for k = all , to remove all tuples
in the output.
First we give a dichotomy result that completely resolves
the complexity of the GDP problem for the class of full CQ
without self-joins (Section 3). We assume the standard data
1The class of full CQ without self-join is a natural sub-class of CQs.
Full CQs have been studied in contexts like the worst-case optimal
join algorithms [19, 23], AGM bounds [1], and parallel evaluation
of CQs [14] (without self-joins). Self-join free queries have been
studied in most of the related papers on deletion propagation. The
complexity of GDP for larger classes of queries is interesting future
work (see Section 5).
complexity for our complexity results where the complex-
ity is given in terms of the size of the input instance and
the query and schema are assumed to be of constant size
[22]. We give an algorithm that only takes the query Q as
input, and decides in time that is polynomial in the size
of the query (i.e., in time that is constant in data com-
plexity), whether GDP can be solved in time that is poly-
nomial in the data complexity for all instances D and all
values of k . If this algorithm returns true, then the prob-
lem is solvable in polynomial time for all k and D. More-
over, if the algorithm returns false, the problem is NP-hard
for some set of instances and some value of k . The prob-
lem we use to prove NP-hardness is partial vertex cover in
bipartite graphs (PVCB) that intends to cover at least k of
the edges by minimizing the cost instead of covering all the
edges in a bipartite graph. Unlike the vertex cover problem
in bipartite graphs, this problem was shown to be NP-hard
by Caskurlu et al. [4]. An example query where the reduc-
tion can be readily applied is the query for paths of length
two:Q2−path(A,B) : −R1(A),R2(A,B),R3(B) (see LemmaB.1).
Note that this path query was shown to be poly-time solv-
able for the deletion propagation problem [3], not only for
the full CQ Q2−path that belongs to the class S J and there-
fore is poly-time solvable for a designated tuple, but also
if projections are involved by a reduction to the minimum
s − t-cut problem (the class PJ is, in general, hard for dele-
tion propagation). However, for arbitrary k , this problem be-
comes NP-hard for GDP.
The query Q can have more complex patterns like (at-
tributes in the head are not displayed)
Q1(· · · ) : − R1(A),R2(B),R3(A,C),R4(E,B),R5(C,E),R6(C, F )
Q2(· · · ) : − R1(A, P1, P2, E, F ),R2(B, P1, P2, E, F ),R3(P1,C1,C2),
R4(P2,C1,C3, F ),R5(E, F ,C1)
or, a complex combination of the above two possibly in-
volving additional attributes (we discuss these examples in
Section 3). We give a set of simplification steps such that if
none of them can be applied to Q , there is a reduction from
the PVCB problem even if there is no obvious path structure
like Q2−path . In addition, we argue that the hardness is pre-
served in all simplification steps. If the algorithm to check
whether a query is poly-time solvable returns true, then we
give an algorithm that returns an optimal solution in polyno-
mial time using the same simplification steps. There can be
scenarios whenQ can be decomposed into two or more con-
nected components, or when there is a common attribute in
all relations inQ , and the algorithm gives a solution for each
such case by building upon smaller sub-problems.
Since the GDP problem is NP-hard even for simple queries
like Q2−path , we then study approximations to this prob-
lem (Section 4). We give an approximation algorithm by
a reduction to the partial set cover problem. When f is
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the maximum frequency of an element in the sets, Gandhi,
Khuller, and Srinivasan [10] generalize the classic primal
dual algorithm for the set cover problem to obtain an f -
approximation for the partial set cover problem. Using this
algorithm, we get a p-approximation for the GDP problem,
where p is the number of relations in the schema.
Related Work. The classical view update problem has
been studied extensively over the last four decades (e.g.,
[2, 8]), although the special case of deletion propagation has
gainedmore popularity in the last two decades starting with
the seminal work by Buneman, Khanna, and Tan [3]. They
showed that the class of monotone queries involving select-
project-join-union (SPJU) operators can be divided into sub-
classes for which finding the optimal source side-effect is
NP-hard (e.g., queries with PJ or JU) or solvable in polyno-
mial time (e.g., SPU or SJ). Recently, Friere et al. [9] stud-
ied the resilience problem, for the class of CQs without self-
joins and with arbitrary functional dependency, and gave
a dichotomy characterizing whether it is poly-time solvable
or NP-hard. The input to the resilience problem is a Boolean
CQ and a database instanceD such thatQ(D) is true, and the
goal is to remove a minimum subset of tuples from the input
that makes the queryQ evaluate to false. This is identical to
the deletion propagation problem where all attributes are
projected out.
In recent years, the complexity of deletion propagation
for the view side-effect version has been extensively stud-
ied by Kimelfeld, Vondrak, and Williams in a series of pa-
pers [11–13]. First, a dichotomy result was shown for CQs
without self-joins [12], that if a ‘head-domination property’
holds, then the problem is poly-time solvable; otherwise,
it is APX-hard. In addition, it was shown that self-joins
affect the hardness further. Then a dichotomy result was
shown by Kimelfeld [11] for the deletion propagation prob-
lem with functional dependency for CQs without self-join.
The multi-tuple deletion propagation problem was studied
in [13] where the goal is to remove a given set of output
tuples, and a trichotomy result was shown (a query is poly-
time solvable, APX-hard but constant approximation exists,
or no non-trivial approximation exists). All these papers fo-
cus on the view side-effect version of deletion propagation
and therefore the optimization goal is different from ours.
For the source side-effect version, the complexity ofmulti-
tuple deletion propagation was studied by Cong, Fan, and
Geerts [5]. They show that for single tuple deletion prop-
agation, key preservation makes the problem tractable for
SPJ views; however, if multiple tuples are to be deleted, the
problem becomes intractable for SJ, PJ, and SPJ views. In
our work, we study deletion propagation where the count
of tuples to be removed is specified, and give a complete
characterization for the class of full CQs without self joins.
Beyond the context of deletion propagation, several di-
chotomy results have been obtained for problemsmotivated
by data management, e.g., in the context of probabilistic
databases [7], computing responsibility [16], or database re-
pair [15]. Problems similar to GDP have also been studied as
reverse data management [17] where some action needs to
be performed on the input data to achieve desired changes in
the output. Toward this goal, Meliou and Suciu [18] studied
how-to queries, where a suite of desired changes (e.g., modi-
fying aggregate values, creating or removing tuples) can be
specified by a Datalog-like language, and a possible world
satisfying all constraints and optimizing on some criteria
is returned. Although [18] considered a much more general
class of queries and update operations, their focuswas to de-
velop an end-to-end system using provenance and mixed in-
teger programming, and not on the complexity of this prob-
lem. As discussed before, GDP is also related to explanations
by intervention [20, 21, 24] where the goal is to find a set of
input tuples captured by a predicate that changes an aggre-
gate answer (or a function of multiple aggregate answers).
For the class of simple predicates, this problem is poly-time
solvable in data complexity, but complexity of the problem
for more complex scenarios remains an open question.
Roadmap. We define some preliminary concepts in Sec-
tion 2, then give our main dichotomy result in Section 3 and
the approximation results in Section 4, and conclude with
directions of future work in Section 5.
2 PRELIMINARIES
Schema, instance, relations, attributes, tuples. We con-
sider the standard setting of multi-relational databases and
conjunctive queries. Let R be a database schema that con-
tains p tables R1, · · · ,Rp . Let A be the set of all attributes
in the database R. Each relation Ri is defined on a subset of
attributes attr(Ri ) = Ai ⊆ A. We use A,B,C,A1,A2, · · · ∈ A
to denote the attributes in A and a,b, c, · · · etc. to denote
their values. For each attribute A ∈ A, dom(A) denotes the
domain of A and rels(A) denotes the set of relations that A
belongs to, i.e., rels(A) = {Ri : A ∈ Ai }.
Given the database schema R, let D = DR be a given in-
stance of R, and the corresponding instances of R1, · · · ,Rp
be DR1 , · · · ,DRp . Where it is clear from the context, we will
useD instead ofDR, and R1, · · · ,Rp instead ofD
R1 , · · · ,DRp .
Any tuple t ∈ Ri is defined on Ai . For any attribute A ∈ Ai ,
t .A ∈ dom(A) denotes the value of A in t . Similarly, for a
set of attributes B ⊆ Ai , t .B denotes the values of attributes
in B for t with an implicit ordering of the attributes. Let ni
be the number of tuples in Ri and n =
∑p
i=1 ni be the total
number of tuples in D.
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R1
A B
a1 b1
a2 b1
a2 b2
a3 b3
R2
B C
b1 c1
b2 c2
b3 c2
R3
C E
c1 e1
c1 e2
c2 e3
c3 c3
Q(D)
A B C E
a1 b1 c1 e1
a1 b1 c1 e2
a2 b1 c1 e1
a2 b1 c1 e2
a2 b2 c2 e3
a3 b3 c2 e3
Figure 1: Database schema and instance from Ex-
ample 2.1 and the answers for query Q(A,B,C, E) :
−R1(A,B),R2(B,C),R3(C, E).
Full conjunctive queries without self-joins. We con-
sider the class of full conjunctive queries (CQ) without self-
joins. Such a CQ represents the natural join among the given
relations, and has the following form:
Q(A) : −R1(A1),R2(A2), · · · ,Rp (Ap )
Wewill call the above queryQ the full CQ on schema R. Note
that we do not have any projection in the body or in the head
of the query, and each Ri in Q is distinct, i.e., the CQ does
not have a self-join.
When this query is evaluated on an instance D, the result
Q(D) contains all tuples t defined on A such that there are
tuples ti ∈ Ri with ti .A = t .A for all attributes A ∈ Ai , for
all i = 1, · · · ,p. Extending the notations, we use rels(Q) to
denote all the relations that appear in the body ofQ (initially,
rels(Q) = R), and attr(Q) to denote all the attributes that
appear in the body of Q (initially, attr(Q) = A).
Example 2.1. In Figure 1, we show an example data-
base schema R with three relations R1,R2,R3, where A =
{A,B,C, E}, A1 = {A,B}, A2 = {B,C}, and A3 =
{C, E}. Further, rels(A) = {R1}, rels(B) = {R1,R2},
rels(C) = {R2,R3}, and rels(E) = {R3}. It also shows
an instance D and the result Q(D) of the CQ Q(A,B,C, E) :
−R1(A,B),R2(B,C),R3(C, E). Here n = 11 and p = 4.
GeneralizedDeletion Propagation problem GDP). Be-
lowwe define the generalized deletion propagation problem
in terms of the count of output tuples of a CQ:
Definition 2.2. Given a database schema R with p rela-
tions R1, · · · ,Rp , a CQ Q on R, an instance D, and a positive
integer k ≥ 1, the generalized deletion propagation problem
(GDP) aims to remove at least k tuples from the output Q(D)
by removing the minimum number of input tuples from D.
Given Q , k , and D, we denote the above problem by
GDP(Q,k,D) (note that the schema is implicit in Q).
Example 2.3. Suppose k = 4 for the input in Example 2.1.
Then, given the instance in Figure 1, the solution of GDP will
include a single tuple R2(b1, c1) since by removing this tuple
we would remove the first four output tuples in Q(D).
For arbitrary CQs, GDP generalizes the deletion propaga-
tion problem (both single- and multi-tuple versions), since
we can only select the intended tuple(s) for deletion by a
selection operation at the end, and then run GDP for k = all .
GDP for full CQ without self-joins. In this paper we
study the complexity of GDP for the class of full CQ without
self-joins. Note that the problem is trivial if k = 1: since we
do not allow projection, any output tuple can be removed
by removing any one input tuple that has been used to
produce the output tuple. This is observed in [3], who
identified the class of SJ queries as poly-time solvable for
single-tuple deletion propagation.
Data complexity. In this paperwe assume standard data
complexity [22], where the size of the input instance n is
considered variable, but the size of the query and schema is
assumed to be constant, i.e., p, |A| are constants.
3 DICHOTOMY
In this section, we give the following dichotomy result that
characterizes the complexity of GDP on the full CQ of any
input schema R with p relations R1, · · · ,Rp .
Theorem 3.1. If the algorithm IsPtime(Q) given in Algo-
rithm 1 returns true, then for all values of integer k and for
all instances D, the problem GDP(Q,k,D) is poly-time solvable
in data complexity. Moreover, an optimal solution can be com-
puted in poly-time. Otherwise the problem GDP(Q,k,D) is NP-
hard.
The algorithm has seven simplification steps as written
next to each condition, and some simplification steps call
the algorithm IsPtime recursively2. The first four steps
check if the query is empty, has one or two relations,
or there is a relation whose all attributes appear in all
other relations; then the algorithm returns true. The fifth
step looks for a common attribute present in all relations,
and the sixth step checks whether two attributes co-occur
in all relations. The last simplification step decomposes
the query Q into two or more maximal connected compo-
nents (if possible), which can be achieved by a standard
2It may be noted that Algorithm 1 has a correspondence with hi-
erarchical queries, where for any two attributes A,B, either one of
rels(A), rels(B) is a subset of the other, or they are disjoint. Hier-
archical queries have been used in the seminal dichotomy results
of efficient query evaluations in probabilistic databases by Dalvi
and Suciu (e.g., [7]) that classify queries either as poly-time solv-
able or #P-hard. Our problem is an optimization problem instead
of a counting-like problem of query evaluation in probabilistic
databases, and the proof techniques for both hardness and algo-
rithmic results are different.
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Algorithm 1 Deciding whether GDP for query Q is poly-
time solvable for all k
IsPtime(Q)
1 if rels(Q) = ∅ or attr(Q) = ∅ /* (EmptyQuery-1) */
2 return true
3 elseif Q has one relation /* (SingleRelation-2) */
4 return true
5 elseif Q has two relations /* (TwoRelations-3) */
6 return true
7 elseif ∃Ri ∈ rels(Q) such that ∀ Rj , Ri ∈ rels(Q),
attr(Ri ) ⊆ attr(Rj ) /* (Subset-4) */
8 return true
9 elseif ∃A ∈ attr(Q) such that
for all relations Ri ∈ rels(Q), A ∈ attr(Ri )
/* (CommonAttribute-5) */
10 Let Q−A be the query formed by removing A
from each relation in rels(Q)
11 return IsPtime(Q−A)
12 elseif ∃A,B ∈ attr(Q) such that rels(A) = rels(B)
/* (CoOccurrence-6) */
13 Replace both A,B by a new attributeC < attr(Q)
in all relations where A and B appear
14 Let the new query beQAB→C
15 return IsPtime(QAB→C )
16 elseif Q can be decomposed into maximal connected components
(see text)Q1, · · · ,Qs where s ≥ 2 /* (Decomposition-7) */
17 return ∧si=1IsPtime(Q
i )
18 else return false
procedure. We form a graph GQ on rels(Q) as the ver-
tices. For any two relations Ri ,Rj ∈ rels(Q), if there
is an attribute A ∈ attr(Ri ) ∩ attr(Rj ), then we add
an edge between Ri and Rj in GQ . Then we decompose
GQ into maximal connected components using standard
graph-traversal-based algorithms [6] and call the compo-
nents as Q1, · · · ,Qs . For instance, if Q(A,B,C, E, F ,G) :
−R1(A,B),R2(F ),R3(B,C),R4(G),R5(C, E), then Q can be de-
composed into s = 3 maximal connected components
Q1(A,B,C) : −R1(A,B),R3(B,C),R5(C, E), Q
2(F ) : −R2(F ),
and Q3(G) : −R4(G).
Before we prove Theorem 3.1, we give some examples il-
lustrating the application of the theorem (we omit the at-
tributes in the head of the queries).
Example 3.2. • Consider Q0(· · · ) : − R1(A,B),
R2(F ,G), R3(B,C, E), R4(C, E), R5(G,H ) (also
see Figure 2). Observe that the first four sim-
plifications cannot be applied to Q0. Since
rels(C) = rels(E), CoOccurrence-6 gives Q0 C,E→K .
Next, Decomposition-7 is applied which gives Q1
(with R1,R3,R4) and Q
2 (with R2,R5). The query Q
2
has two relations so it returns true. However, All
simplifications fail for Q1, so it returns false. In turn,
IsPtime for Q0 C,E→K and Q0 return false. Therefore
Q0 is a hard query.
• Consider the queries Q1 and Q2 given in the introduc-
tion. None of the simplification steps can be applied to
both these queries, so these two queries are NP-hard (al-
beit the NP-hardness for these two queries are shown by
two different proof techniques as shown Lemma 3.6 and
Lemma 3.7).
• Consider Q3(· · · ) : − R1(A, P), R2(A, P,M), R3(A, P,G),
R4(A,B,C), R5(A,C, E), R6(F ). Here first we apply
Decomposition-7 to separate R6, which is a single re-
lation, and therefore returns true. For R1, · · · ,R5, first
CommonAttribute-5 is applied to remove A. Then
Decomposition-7 is again applied to partition into
R1,R2,R3 and R4,R5. The intermediate query for R4,R5
returns true as there are two relations. For R1,R2,R3,
Subset-4 is applied and returns true as P is the only
remaining attribute in R1 and it belongs both R2 and
R3. In turn, all the intermediate queries and the original
query return true. By Theorem 3.1, this query is poly-
time solvable, and an optimal solution can be obtained
by applying Algorithm 2 in Section 3.2.
In our hardness proofs and in our algorithms, we use
the recursion-tree of query Q0 capturing the repeated use of
IsPtime(Q) for intermediate queries Q within IsPtime(Q0),
which is defined as follows.
Definition 3.3. Let Q0 be the query that is given as the
initial input to Algorithm 1. The recursion-tree of Q0 is a tree
T where the non-leaf nodes denote intermediate CQs Q for
which IsPtime(Q) has been invoked during the execution of
IsPtime(Q0). The leaves in T are true or false. The root is
Q0.
If one of the first four steps is applied to an intermediate
queryQ , we add a single leaf child toQ and assign true. If no
simplifications can be applied, we add a leaf node with value
false as the child of query Q . If CoOccurrence-6 is ap-
plied in Algorithm 1, we add a single child QA,B→C of Q (see
Algorithm 1). If CommonAttribute-5 is applied, we add a
single child Q−A of Q . If Decomposition-7 is applied, we
add s childrenQ1, · · · ,Qs where s is the number of connected
components.
We prove Theorem 3.1 in the next two subsections. First,
in Section 3.1 we show that if Algorithm 1 returns false for
a query Q , then GDP(Q,k,D) is NP-hard for Q . Then in Sec-
tion 3.2 we give algorithms to solve the GDP(Q,k,D) problem
in polynomial time for all k andD when IsPtime(Q) returns
true.
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Q0(A,B,C,E, F ,G,H ) : − R1(A,B), R2(F ,G),
R3(B,C,E), R4(C,E), R5(G,H )
Q0 C,E→K (A,B, F ,G,H ,K) : − R1(A,B), R2(F ,G),
R3(B,K), R4(K), R5(G,H )
Q1(A,B,K) : − R1(A,B), R3(B,K),
R4(K)
false
7
Q2(F ,G,H ) : −
R2(F ,G), R5(G,H )
true
2
7
6
Figure 2: Tree T when Algorithm 1 is run on Q0 from
Example 3.2, which simplification step has been ap-
plied is shown next to each edge.
3.1 Hardness
The proof of hardness is divided into two parts. In the first
part we argue that for the last three simplification steps
that call the IsPtime algorithm recursively, hardness of the
query is preserved (proved in Appendix A due to space
constraints). In particular, the last step Decomposition-7
needs a careful construction here to ensure a poly-time re-
duction, which we prove in two steps. First we show that an
immediate application of Decomposition-7 gives a poly-
time reduction showing NP-hardness, but it leads to a poly-
nomial increase in the instance size. Then we show how the
NP-hardness can be obtained up to the original query Q0
still incurring a polynomial increase in the problem size. In
the first four simplification steps the algorithm returns true,
so we do not need to consider them.
In the second part we argue that if all the simplification
steps fail, then the problem is NP-hard, which we discuss
below.
The NP-hard problem that we use to prove the NP-
hardness of GDP is the partial vertex cover problem for bi-
partite graphs (PVCB) defined as follows.
Definition 3.4. The input to the PVCB problem is an undi-
rected bipartite graph G(U ,V , E) where E is the set of edges
between two sets of vertices U and V , and an integer k . The
goal is to find a subset S ⊆ U ∪V of minimum size such that
at least k edges from E have at least one endpoint in S . The
PVCB problem has been shown to be NP-hard ([4])3.
We use a reduction from the PVCB problem when all
the simplification steps fail in Algorithm 1. An exam-
ple, proved in Appendix B, is the query Q2−path(A,B) :
−R1(A),R2(A,B),R3(B) for paths of length two, where A,B
can correspond toU ,V for an easy reduction. However, the
3The value ofk in the hard instance of PVCB in [4] is not a constant,
hence the complexity of GDP for constant k > 1 remains open.
relations and attributes can form a more complex pattern
like R1(A,B),R2(B,H ),R3(C, E,B),R4(E,H ,A). The goal is to
show that when the algorithm return false, there is a way to
assign edges and vertices to the relations in Q .
Lemma 3.5. If none of the simplification steps in Algo-
rithm 1 can be applied for an intermediate query Q , all the
following hold:
(1) Q has at least three relations, all with at least one at-
tribute.
(2) There are no common attributes in all relations.
(3) For any two attributes A,B ∈ attr(Q), rels(A) ,
rels(B), i.e., two attributes cannot belong to the exact
same set of relations.
(4) The relations form a single connected components in
terms of their attributes.
Proof. If these properties do not hold, simplifica-
tion steps TwoRelations-3 (and SingleRelation-
2), CommonAttribute-5, CoOccurrence-6, and
Decomposition-7 can still be applied. 
Next we argue that if none of the simplification steps
can be applied, there is a reduction from the partial vertex
cover (PVCB) problem described in Lemma B.1. We divide
the proof in two cases. First in Lemma 3.6 we show that if
there are two relations in Q that do not share any attribute,
then GDP is NP-hard forQ . Then in Lemma 3.7 we show that
if this condition does not hold, i.e., if for any two relations
in Q there is a common attribute, even then GDP is NP-hard
for Q .
Lemma 3.6. If none of the simplification steps in Algo-
rithm 1 can be applied for an intermediate query Q , and if
there are two relations Ri ,Rj in rels(Q) such that attr(Ri )∩
attr(Rj ) = ∅, then GDP(Q,k,D) is NP-hard for some k,D.
Proof. Consider two relations Ri ,Rj in rels(Q) such
that attr(Ri ) ∩ attr(Rj ) = ∅. We give a reduction from
the PVCB problem (Definition 3.4). Let G(U ,V , E) and k be
the input to the PVCB problem. The value of k remains the
same and we create instance D as follows. For every vertex
u ∈ U , we include a tuple tu = (u,u, · · · ,u) to Ri such that
for every attribute A ∈ rels(Ri ), tu .A = u. Similarly, for ev-
ery vertex v ∈ V , we include a tuple tv = (v,v, · · · ,v) to Rj
such that for every attribute B ∈ rels(Rj ), tv .B = v .
Now we grow two connected components of relationsCi
and Cj starting with Ci = {Ri } and Cj = {Rj }. We do the
following until no more relations can be added to either Ci
or Cj . Consider any relation Rℓ that has not been added to
Ci or Cj . (a) If Rℓ shares an attribute S with some relation
in Ci and an attribute T with some relation in Cj , it gets
tuples tuv for every edge (u,v) ∈ E, where tuv .S = u and
tuv .T = v ; for any other attribute C < attr(Ci ) ∪ attr(Cj ),
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it gets tuv .C = u. (b) Otherwise, if Rℓ shares an attribute
only with some relation in Cj but no attributes with any
relation inCi , it gets tuples tv for every vertex v ∈ V where
tv .S = v for all attributes S in Rℓ ; further we add Rℓ toCj . (c)
Otherwise, if Rℓ shares an attribute only with some relation
in Ci (but not with any relation in Cj ), then Rℓ gets tuples
tu for every vertex u ∈ U where tu .S = u for all attributes S
in Rℓ ; further, we add Rℓ to Ci .
An example construction is shown in Figure 3.
Note that every relation in Q corresponds to either ver-
tices inU orV , or edges in E. Clearly at least Ri corresponds
to U and Rj corresponds to V . We argue that at least one
table Rℓ has tuples tuv corresponding to the vertices: this
holds from Lemma 3.5 since there are at least three relations,
and the relations form a single connected components, oth-
erwise relations that belong to Ci and the ones that belong
to Cj would form two separate connected components.
u1
v1
u2
v2
u3
v3
u4
v4
v5
U
V
R1
A
u1
u2
u3
u4
R2
B
v1
v2
v3
v4
v5
R3
A C
u1 u1
u2 u2
u3 u3
u4 u4
R4
E B
v1 v1
v2 v2
v3 v3
v4 v4
v5 v5
R5
C E
u1 v1
u1 v2
u2 v3
u3 v4
u3 v5
u4 v4
u4 v5
R6
C F
u1 u1
u2 u2
u3 u3
u4 u4
Figure 3: An example construction from Lemma 3.6:
for the given instance of PVCB in the figure, and
query Q2(· · · ) : − R1(A), R2(B), R3(A,C), R4(E,B),
R5(C, E), R6(C, F ) from the introduction, we createD for
GDP(Q2,k,D) as shown. First R1 ← U ,R2 ← V . Then
R3 ← U ,R4 ← V . Then R5 ← E and R6 ← U .
Now we claim that PVCB has a solution of size M if and
only if GDP(Q,k,D) has a solution of size M . Note that the
output tuples in Q(D) correspond to the edges in E.
(only if) If PVCB has a solution of sizeM , we can remove
the corresponding tuples fromRi andRj , and remove at least
k output tuples corresponding to the edges.
(if) If GDP has a solution of size M , we can assume wlog.
that the input tuples are only chosen from Ri and Rj : if an
input tuple tu is chosen from Rℓ ∈ Ci (respectively, Cj ), we
replace it with the corresponding tuple in Ri (respectively,
Rj ). If an input tuple tuv is chosen from a relation that shares
attributes with bothCi andCj , we replace it with the corre-
sponding tu from Ri . This removes at least the original tu-
ples as before without increasing the cost. Now tuples from
Ri and Rj corresponds to a solution of the PVCB problem
that removes at least k edges corresponding to the output
tuples removed in GDP(Q,k,D). 
Next, we show the NP-hardness for the other case when
any two relations share at least one attribute. We again give
a reduction from the PVCB problem, where the input is a
bipartite graphG(U ,V , E) and integer k . Given the relations
in Q , we identify three relations where the tuples can cor-
respond to U ,V , and UV respectively. However, unlike the
reduction in Lemma 3.6, we may assign a constant value ∗ to
all the tuples for some attributes in some tables. Due to the
problem stated before Lemma A.3, we will ensure that no ta-
ble inQ receives such a constant value for all attributes. Oth-
erwise this table will have a single tuple (∗, ∗, · · · , ∗), and re-
moving this tuple, will remove all output tuples from Q(D)
with only cost 1. We aim to identify the following (the rela-
tion names are chosen wlog.): (i) a relation R1 correspond-
ing toU , where attributes correspond toU or ∗ (and notV ),
and at least one attribute corresponds to U , (ii) a relation
R3 corresponding to V , where attributes correspond to V or
∗ (and not U ), and at least one attribute corresponds to V ,
and (iii) a relation R2 corresponding to E, where attributes
correspond toU ,V or ∗, and there are at least two attributes
corresponding toU andV that together capture the edges in
E. The other relations can have attributes corresponding to
U ,V , or ∗, but no relation can have only attributes that take
the constant value ∗. We give the formal reduction below by
proving the following lemma.
Lemma 3.7. If none of the simplification steps in Algo-
rithm 1 can be applied for an intermediate queryQ , and if for
any two relations Ri ,Rj in rels(Q) it holds that attr(Ri ) ∩
attr(Rj ) , ∅, then GDP(Q,k,D) is NP-hard for some k,D.
Proof. We give a reduction from the PVCB problem,
where the input is a bipartite graph G(U ,V , E) and integer
k (see Definition 3.4).
We first observe the following property in addition to the
properties (1) − (4) in Lemma 3.5.
(P1) Any relation in Q has at least two attributes.
Suppose not, i.e., there is only one attribute A in Ri . Since
Ri shares attributes with all relations in Q , A appears in all
relations in Q , violating property (2) from Lemma 3.5.
Recall that Ai = attr(Ri ) denotes the attributes in Ri . We
also use
Ai j = Ai ∩ Aj
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to denote the the common attributes in Ri and Rj , where
i < j . Note that by property (1) of Lemma 3.5, there are at
least three relations in Q .
(P2) There exist three relations, wlog., R1,R2,R3, and two at-
tributes A,B in Q such that A ∈ A12 \ A23 and B ∈
A23 \ A12. In other words, A belongs to R1,R2 but not
in R3, and B belongs to R2,R3 but not in R1.
To see (P2), start with the relation with the smallest
number of attributes as R1, breaking ties arbitrarily. Con-
sider its intersection with all other relations (all are non-
empty by assumption), and let R2 be the relation with small-
est number of attributes in the intersection A12 with R1. If
any attribute in A12 belongs to A2j for all j > 2, then it vio-
lates property (2) in Lemma 3.5. Therefore, for all A ∈ A12,
there is a relation Rj such that A < A2j . Pick any such A and
the correspondingRj . Now considerA2j .We claim that there
exists B ∈ A2j \ A12. Suppose not. Then A2j ⊆ A12. Combin-
ing with the fact that there is an A ∈ A12 \ A2j , A2j ⊂ A12 (a
proper subset). This violates the assumption thatR2 is the re-
lation with smallest number of attributes in the intersection
of A12 with R1. For simplicity, we assume Rj = R3 wlog.
Next we give the reduction from the PVCB problem by
creating an instance D for the same k of GDP. R1,R3 corre-
spond to U ,V respectively, whereas R2 corresponds to the
edges in E.
• We include a tuple tu for each u ∈ U to R1 in D, where
(i) for all C ∈ A13, tu .C = ∗ (all attributes in A13 are
constant attributes), and (ii) for allC ∈ A1 \A13, tu .C =
u.
• We include a tuple tv for each v ∈ V to R3 in D, where
(i) for allC ∈ A13, tv .C = ∗, and (ii) for allC ∈ A3 \A13,
tv .C = v .
Note that the assignment of valuesU ,V to attributes above
is consistent, i.e., no attribute can get both U and V . The
above assignment is propagated to all other relations Rj , j ,
1, 3, including R2 (and by assigning any non-assigned at-
tributes to U ) as follows. For any other Rj , where j , 1, 3,
• If Aj includes an attribute C ∈ A13, it gets constant
values in all tuples.
• If Aj includes an attribute C ∈ A1 \ A13, it gets values
corresponding to U .
• If Aj includes an attribute C ∈ A3 \ A13, it gets values
corresponding to V .
• If Aj includes an attribute C < A1 ∪ A3, it gets values
corresponding to U .
After this assignment, if attributes in Aj are assigned to only
constant andU , we insert tuples of the form tu as in R1. If at-
tributes in Aj are assigned to only constant andV , we insert
tuples of the form tv as in R3 . If attributes in Aj are assigned
to bothU andV (and possibly some constant attributes), we
insert tuples of the form tu,v for each edge (u,v) ∈ E in
the same way. Hence at least R2 gets tuples of the form tuv
corresponding to the edges. The output Q(D) of the query
corresponds to the edges in E, but there can be multiple at-
tributes for the vertices u,v of an edge (u,v).
R1
A P1 P2 E F
v1 v1 v1 ∗ ∗
v2 v2 v2 ∗ ∗
v3 v3 v3 ∗ ∗
v4 v4 v4 ∗ ∗
v5 v5 v5 ∗ ∗
R2
B P1 P2 E F
u1 v1 u1 ∗ ∗
u1 v2 u1 ∗ ∗
u2 v3 u2 ∗ ∗
u3 v4 u3 ∗ ∗
u3 v5 u3 ∗ ∗
u4 v4 u4 ∗ ∗
u4 v5 u4 ∗ ∗
R3
P1 C1 C2
v1 u1 u1
v2 u1 u1
v3 u2 u2
v4 u3 u3
v5 u3 u3
v4 u4 u4
v5 u4 u4
R4
P2 C1 C3 F
v1 u1 u1 ∗
v2 u1 u1 ∗
v3 u2 u2 ∗
v4 u3 u3 ∗
v5 u3 u3 ∗
v4 u4 u4 ∗
v5 u4 u4 ∗
R5
E F C1
∗ ∗ u1
∗ ∗ u2
∗ ∗ u3
∗ ∗ u4
Figure 4: An example construction for Lemma 3.7.
Consider the PVCB instance from Figure 3 and
Q2(· · · ) : − R1(A, P1, P2, E, F ), R2(B, P1, P2, E, F ),
R3(P1,C1,C2), R4(P2,C1,C3, F ), R5(E, F ,C1) from the
instruction. We create an instance D for GDP(Q2,k,D)
as shown. Here R5 gets picked as the relation with the
smallest set of attributes as R̂1 in the reduction (with
a hat and boldfaced). Now, A3 has the smallest inter-
section with A5, so R3 is chosen as R̂2. The attribute C
in the intersection is chosen as Â. C < attr(R1), hence
R1 is chosen as R̂3. The common attribute P1 of R1,R3
(not in R5)is chosen as B̂. The common attributes E, F
of R1,R5 are assigned ∗. C1 gets U , and A, P1, P2 get V ,
every other attribute getsU .
An example construction is shown in Figure 4.
Now we argue that PVCB has a solution of size P if and
only if GDP has a solution of size P .
(only if) If PVCB has a solution S of size P that covers
≥ k edges in G , we remove the corresponding tuples tu , tv
from R1 and R3, which will remove the set of ≥ k tuples
corresponding to these edges in the output.
(if) If GDP has a solution of size P that removes at least k
output tuples, we argue that wlog., we can assume that the
tuples are removed only from R1 and R3. This holds because
of the following property:
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(P3) No relation Rj in Q can have all attributes assigned to
constant value ∗.
Otherwise, by construction, Aj ⊆ A13 ⊂ A1 (since at least
A ∈ A1 \A13). Therefore Rj has fewer attributes than R1 vio-
lating the assumption that R1 is the relation with the small-
est number of attributes. Hence, we have the following prop-
erty:
(P4) All relations in Q have tuples of the form tu for U , tv
for V , or tuv for E.
If any tuple is removed from a Rj that has tu -s, we replace
it with the corresponding tuple from R1, and if any tuple
is removed from a Rj that has tv -s, we replace it with the
corresponding tuple from R3. If any tuple of the form tuv is
removed, we replace it with tu from R1 that removes at least
the same number of output tuples as before without increas-
ing the cost. Hence, in any solution of GDP, we can assume
that tuples are removed only fromR1,R3, which corresponds
to a solution of the PVCB problemwhere we remove the cor-
responding vertices to cover the edges corresponding to the
output tuples. 
Combining the above results, we get the following
lemma:
Lemma 3.8. If Algorithm 1 returns false for a query Q0,
i.e., IsPtime(Q0) = false, there exists k and D such that
GDP(Q0,k,D) is NP-hard.
Proof. Consider the recursion-treeT ofQ0. Note that the
leaves of T are true or false. Note that if IsPtime(Q) =
false for any intermediate queryQ , there must exist a path
from Q to a false leaf and vice versa. We apply induction
on the length of the shortest path from an intermediate node
to a leaf. For the base case, i.e., when the length = 1, the
intermediate queryQ at the node has a false child. If there
are two relations in rels(Q) that do not share any attribute,
by Lemma 3.6, GDP for Q is NP-hard. Otherwise, i.e., if no
such two relations exist, then by Lemma 3.7, GDP for Q is
NP-hard.
Now consider the path from an NP-hard query Q with a
false child to the root Q0. If at least one node along this
path has ≥ 2 children, i.e., if at least once Decomposition-
7 has been invoked, Q0 is NP-hard by Lemma A.4.
Otherwise, the path from Q0 to a false leaf is unique,
and the parent of the false leaf is NP-hard by the base case.
Suppose the induction hypothesis holds for the intermediate
nodeQ , i.e., Q is NP-hard, where the shortest path length to
a false leaf is ℓ, and consider the intermediate nodeQ ′ that
is parent of Q , and for which the shortest path length to a
is ℓ + 1. If Q is formed from Q ′ by CommonAttribute-5,
then by Lemma A.1 Q ′ is NP-hard. Otherwise, Q is formed
Algorithm 2 Computing the optimal solution of
GDP(Q,k,D)
ComputeOpt(Q,k,D)
1 if rels(Q) = ∅ or attr(Q) = ∅ /* (EmptyQuery-1) */
2 /* this case is never reached for a non-empty query */
3 return ∅
4 elseif Q has one relation /* (SingleRelation-2) */
5 return SingleRelation(Q,k,D)
6 elseif Q has two relations /* (TwoRelations-3) */
7 return TwoRelations(Q,k,D)
8 elseif ∃Ri ∈ rels(Q) such that ∀ Rj , Ri ∈ rels(Q),
attr(Ri ) ⊆ attr(Rj ) /* (Subset-4) */
9 return OneSubset(Q,k,D,Ri )
10 elseif ∃A ∈ attr(Q) such that
for all relations Ri ∈ rels(Q), A ∈ attr(Ri )
/* (CommonAttribute-5) */
11 return CommonAttrPartition(Q,k,D,A)
12 elseif ∃A,B ∈ attr(Q) such that rels(A) = rels(B)
/* (CoOccurrence-6) */
13 return CoOccurrence(Q,k,D,A,B)
14 elseif Q can be decomposed into maximal connected components
(see text)Q1, · · · ,Qs where s ≥ 2
/* (Decomposition-7) */
15 return DecompCrossProduct(Q,k,D,Q1, · · · ,Qk )
16 else fail
from Q ′ by CoOccurrence-6, and by Lemma A.2 Q ′ is NP-
hard, proving the hypothesis. Repeating this argument, Q0
is again NP-hard. 
3.2 Algorithms
If Algorithm 1 returns true for a query Q , we can find an
optimal solution of GDP(Q,k,D) by running Algorithm 2.
For each of the simplification step except the trivial case
of empty query, we give a procedure that optimally solves
that case, possibly using subsequent calls to ComputeOpt.
Note that the first trivial case can never be reached if
the original query is non-empty, for instance, if Q(A) :
−R1(A),R2(A),R3(A), before CommonAttribute-5 is ap-
plied, instead Subset-4 will be invoked, directly returning
true in Algorithm 1 and returning an optimal solution in
Algorithm 2. In Section 3.2.1, we discuss the helper proce-
dures used in Algorithm 2. The pseudocodes of these pro-
cedures may suggest that ComputeOpt is invoked recur-
sively within these procedures. However, to ensure poly-
nomial data complexity, we solve the problem bottom-up,
and instead of recursive calls, use look ups from these pre-
computed values, which is discussed in Section 3.2.2. Due
to space constraints, all the pseudocodes of Section 3.2.1
are given in the appendix.
3.2.1 Details of the procedures in Algorithm 2. 1. Proce-
dure SingleRelation(Q,k,D). SupposeQ(Ai ) : −Ri (Ai )
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be the query. We return any k tuples from relation Ri as
the solution. Since there is no joins, each output tuple cor-
responds to a unique input tuple, and we can remove any k
input tuples to remove k output tuples.
2. ProcedureTwoRelations(Q,k,D). SupposeQ(A1∪
A2) : −Ri (A1),Rj (A2) be the query (wlog.). The pseudocode
is given in Algorithm 3. There can be two cases.
(a) If R1,R2 do not share any attribute, i.e., A1 ∩ A2 = ∅,
all tuples from R1 join with all tuples from R2 to form Q(D).
Let n1,n2 be the number of tuples from R1,R2 respectively.
Suppose n1 ≤ n2. Then any tuple in R1 removes exactly n2
tuples from the output, which is higher than the number of
tuples that a tuple from R1 removes. In particular, consider
any optimal solution OPT and suppose it includes s1 tuples
from R1 and s2 tuples from R2 that together remove at least
k output tuples. Removing the overlaps, we have, NOPT =
s1n2+s2n1−s1s2. Consider another solution S that replaces all
s2 of R2-tuples fromOPT by s2 tuples from R1 that have not
been chosen yet. Now the number of output tuples deleted
NS = (s1 + s2)n2 = NOPT + (n2 − n1)s2 + s1s2 ≥ NOPT
since n2 ≥ n1. Hence we always get an optimal solution by
removing tuples from R1, and any ⌈
k
n1
⌉ of R1-tuples remove
at least k output tuples.
(b) Otherwise, let A12 = A1∩A2 be the common attributes
in R1,R2. Let a1, a2, · · · , aд be all the distinct value combina-
tions ofB12 inD. We partition R1 and R2 intoG1, · · · ,Gд and
H1, · · · ,Hд respectively based on these values ofB12. Hence,
when we fix any ai , all R1-tuples in Gi join by a cross prod-
uct with all R2-tuples in Hi . Therefore, the number of out-
put tuples in Q(D) is
∑д
i=1mi .ni , wheremi = |Gi |,ni = |Hi |
for i = 1 to д. First we sort all these groups in decreasing
order of ‘profits’ pi = max(mi ,ni ), which is the maximum
number of output tuples removed by removing only tuple
from each group. wlog., assume p1 ≥ p2 ≥ · · · ≥ pд . Con-
sider any group i : if mi ≤ ni , we call R1 the better relation
of group i , else R2 is better. We get profit pi by removing
tuples from the better relation of group i . Following the ar-
gument in case (a), it is more beneficial to remove from the
better relation. Furthermore, in any optimal solutionOPT if
a tuple tj has been chosen from group j > i skipping a tuple
ti from the better relation of group i , tj can be replaced by
ti without increasing the cost and removing no fewer than
the original number of output tuples. Hence we can assume
wlog., that the optimal solution greedily chooses from the
better relation of the groups 1, 2, · · · ,д in this order, which
is implemented in the algorithm.
3. Procedure OneSubset(Q,k,D,Ri ). Here the at-
tributes in Ri form a subset of all other relations in Q . The
pseudocode is given in Algorithm 4. For every tuple in Ri ,
we compute the number of output tuple it contributes to,
and choose greedily from a decreasing order on these num-
bers until k output tuples are chosen.
The algorithm returns optimal solution since given any
optimal solution of GDP in this case, we can assume wlog.
that all the tuples in the optimal solution belong to Ri . If
any tuple t is chosen from Rℓ , Ri , we can choose the corre-
sponding tuple t ′ = t .Ai fromRi instead, without increasing
the cost and decreasing the number of output tuples deleted.
Therefore the procedure always chooses from this sorted
list, in decreasing order onmj .
4. Procedure CommonAttrPartition(Q,k,D,A).
Here the attribute A belongs to all relations in Q . The
pseudocode is given in Algorithm 5. First we partition the
instance D into D1, · · · ,Dд , corresponding to a1, · · · ,aд ,
which are the all possible values of A in D. All tuples t in all
relations in Di have t .A = ai . Note that Q(D) is a disjoint
union of Q(D1), · · · ,Q(Di ).
Here we run a dynamic program to compute the optimal
solution OptSol and its cost OptCost. Here OptCost[i][s]
denotes the minimum number of input tuples to remove at
least s output tuples from Q(D) where the input tuples can
only be chosen from D1 to Di . This problem shows an opti-
mal sub-structure property and can be solved with the fol-
lowing dynamic program:
OptCost[i][s] = min
{
OptCost[i − 1][s]
mins−1m=1
{
OptCost[i − 1][s −m] + ci,m
}
where ci,m denotes the minimum number of input tuples
only from Di that would remove at least m output tuples
from Q(Di ). In other words, the above rules say that, to re-
move at least s output tuples from Q(D) where the input
tuples can only be chosen from D1, · · · ,Di , we can either
choose input tuples fromD1, · · · ,Di−1 that achieve this goal,
or we can remove at leastm tuples Q(Di ) by removing ci,m
tuples only from Di , and take its union with the optimal
solution for the rest of the s − m output tuples that have
to be removed from Q(D) by only removing tuples from
D1, · · · ,Di−1.
Since k is bounded by the number of output tuples in
Q(D) (polynomial in data complexity) and д is bounded by
the number of input tuples, the number of cells in OptCost
andOptSol is polynomial in data complexity. However, the
procedure CommonAttrPartition(Q,k,D,A) is invoked
in combinationwith other procedures in Algorithm2,which
makes the total complexity non-obvious. In Section 3.2.2 we
discuss how the entire Algorithm 2 can be implemented in
polynomial data complexity.
5. Procedure CoOccurrence(Q,k,D,A,B). Here
rels(A) = rels(B). The pseudocode is given in Algorithm 6.
We simply replace both A,B with a new attribute C in
all these relations, and assign values t .C = (a,b) where
t .A = a, t .B = b in all such relations. Then we call the
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ComputeOpt procedure to get the optimal solution for this
new query and instance. Since the inputs and outputs of the
new queryQAB→C and instance D
′ have a one-to-one corre-
spondence with the inputs and outputs of the original query
Q and instance D, an optimal solution (if it exists) of the lat-
ter gives an optimal solution to the former by changing the
tuples back to their original form.
6. Procedure DecompCrossProduct(Q,k,D,Q1, · · · ,
Qs ).HereQ1, · · · ,Qs formmaximal connected components,
i.e., no relation in Qi share any attribute with any relation
in Q j for i , j . The pseudocode is given in Algorithm 7,
which generalizes the first part of Algorithm 3 when two
relations combine by a cross-product. The main difference
is that, when the sub-queries are arbitrary and not a single
relation, then the optimal solution may be required to select
tuples from both sides of a partition. Although the output tu-
ples from both partitions still join by cross-product, we do
not know apriori how many output tuples to remove from
each partition. Consider two disjoint components Q1,Q2,
and let m1,m2 be the size of Q1(D) and Q2(D) respectively.
Note that if an optimal solutionOPT removes k1 tuples from
Q1(D) and k2 tuples from Q2(D), the total number of tuples
removed from the join ofQ1,Q2 is k1m2+k2m1−k1k2, taking
into account the tuples removed in the overlap. Algorithm 7
takes two components at a time and aims to find the opti-
mal solution for an arbitrary s ≤ k , therefore we go over
all possible requirements k1,k2 from Q1(D) and Q2(D) that
satisfy k1m2 +k2m1 −k1k2 ≥ s . The overall polynomial data
complexity of Algorithm 2 is discussed in Section 3.2.2.
3.2.2 Poly-time implementation of Algorithm 2. Al-
gorithm 2 recursively calls itself through the helper
procedures, and calls ComputeOpt(Q ′,k ′,D ′) for many
intermediate queries and values of k ′ ≤ k . Suppose Algo-
rithm 2 is invoked for ComputeOpt(Q0,k,D). To ensure
polynomial running time in data complexity, we first build
the recursion-tree T of Q0 using Algorithm 1 as defined in
Definition 3.3. Since Algorithm 1 runs on the schema of Q ,
it is trivially polynomial in data complexity. If there is a leaf
with value falsewe know that the queryQ is NP-hard, and
Algorithm 2 would return fail. Otherwise, using this tree
and instance D, we solve ComputeOpt(Q ′, s,D) for each
intermediate query Q ′ and value s = 1 · · ·k in a bottom-up
pass. These solutions and their sizes are simply looked up
in Algorithms 5, 6, and 7 instead of running ComputeOpt
recursively. Since there are a constant number of nodes in
the recursion-tree (in data complexity, depends only on the
number of relations and attributes), the maximum value of
k is |Q0(D)| (polynomial data complexity), and given these
values all the algorithms run in polynomial time. Hence,
we get a polynomial running time of Algorithm2.
Together with Lemma 3.8, this proves Theorem 3.1.
4 APPROXIMATIONS
In this section, we discuss approximations for optimal solu-
tions to GDP(Q,k,D), where full CQ Q contains p relations
in its body, D is a given instance of the schema and k is the
number of output tuples we want to intervene on. In partic-
ular, we give a p-approximation for a general setting of our
problem.
Recall from Lemma 3.8 that all the simplification steps in
Algorithm 1 fail when GDP(Q,k,D) is NP-hard. In such cases,
we can model the problem as an instance of the Partial Set
Cover problem (k ′-PSC).
Definition 4.1. Given a set of elements U , a collection of
subsets S ⊆ 2U , a cost function on sets c : S → Q+ and a
positive integer k ′, the goal of the Partial Set Cover problem
(k ′-PSC) is to pick the minimum cost collection of sets from S
that covers at least k elements inU .
Observe the similarity between GDP(Q,k,D) and k ′-PSC
in that we want to pick the smallest number of input tuples
that intervene on at least k output tuples. If there is a cost
associated with deleting a specific input tuple, the cost func-
tion c can be used to reflect this. Thus, sets correspond to in-
put tuples from relations in the body of CQQ and elements
to output tuples in Q(D). Also, k ′ = k .
In [10], Gandhi et al. give a primal-dual algorithm for par-
tial set cover that generalizes the classic primal dual algo-
rithm for set cover. If every element appears in at most p
sets inS, they obtain ap-approximation for the problem (see
Theorem2.1 in [10]). Via a simple approximation preserving
reduction given below, we also obtain ap-approximation for
GDP(Q,k,D) (proof in Appendix C).
Theorem 4.2. GDP(Q,k,D) has a p-approximation, which
can be computed via an approximation preserving reduction
to k ′-PSC in poly-time.
5 CONCLUSIONS
In this paper, we studied the generalized deletion propaga-
tion (GDP) problem for full CQs without self-joins, gave a
dichotomy to decide whether GDP for a query is poly-time
solvable for all k and instance D, and also gave approxima-
tion results. Several open questions remain. First, it would
be good to study the complexity for larger classes of queries
involving projections and/or self-joins, other classes of ag-
gregates like sum, and also instances with arbitrary weights
on the input and output tuples. Another interesting direc-
tion is to understand the approximability of this problem
even for the restricted class of full CQs without self-join.We
showed that a p-approximation exists where p is the num-
ber of tables in the query, but our study of this problem sug-
gests that this bound is not tight. Whether a poly-time algo-
rithm exists giving an absolute constant independent of the
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schema as the approximation factor remains an interesting
open problem.
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A HARDNESS PROPAGATION FOR
SIMPLIFICATION STEPS
In this section we show that for the last three simplification
steps in Algorithm 1 that calls the IsPtime function recur-
sively, if the new query Q ′ (or one of the new queries) is
NP-hard, then the query Q is NP-hard. While the proofs for
the fifth and sixth steps are more intuitive, the proof for the
seventh step needs a careful construction.
Hardness propagationCommonAttribute-5. The fol-
lowing lemma shows the hardness propagation for the fifth
simplification step in Algorithm 1.
Lemma A.1. Let ∃A ∈ attr(Q) such that for all relations
Ri ∈ rels(Q), A ∈ attr(Ri ), and let Q
′
= Q−A be the
query formed by removing A from each relation in rels(Q).
If GDP(Q ′,k,D ′) is NP-hard, then GDP(Q,k,D) is NP-hard.12
Proof. Given an instance of GDP(Q ′,k,D ′), we construct
an instance of GDP(Q,k,D) as follows.
First, we claim that no relation Ri in Q
′ can have
empty set of attributes. Otherwise, A was the single at-
tribute in Ri , which also appeared in all other relations
in Q , i.e., ∀Rj , attr(Ri ) ⊆ attr(Rj ). Therefore, the
condition for Subset-4 is satisfied, which is checked be-
fore CommonAttribute-5, and would have returned true.
Therefore, all relations in Q ′ has at least one attribute.
For any relation R′i ∈ rels(Q
′), if a tuple t ′ appears in
D ′R
′
i , create a new tuple t in DRi such that t .A = ∗ (a fixed
value for all tuples and all relations in attribute A), and for
all other attributes E, t .E = t ′.E (there is at least one such
E). Hence there is a one-to-one correspondence between the
tuples in the output Q(D) and Q ′(D ′), and also in the input
D and D ′. Therefore, a solution to GDP(Q,k,D) of sizeC cor-
responds to a solution to GDP(Q ′,k,D ′), and vice versa. 
Hardness propagation for CoOccurrence-6. Next we
show the hardness propagation for the sixth simplification
step in Algorithm 1.
Lemma A.2. Let A,B ∈ attr(Q) such that rels(A) =
rels(B). LetQ ′ = QAB→C be the query by replacingA,B with
a new attribute C < attr(Q) in all relations. If GDP(Q ′,k,D ′)
is NP-hard, then GDP(Q,k,D) is NP-hard.
Proof. Given an instance of GDP(Q ′,k,D ′), we construct
an instance of GDP(Q,k,D) as follows. Consider any relation
R′i ∈ rels(Q
′) such that C ∈ attr(R′i ), the corresponding
relation Ri in Q has both attributes A,B instead of C . If a
tuple t ′ appears inD ′R
′
i , create a new tuple t inDRi such that
t .A = t .B = t ′.C , and for all other attributes E, t .E = t ′.E (i.e.,
bothA,B attributes get the value of attributeC in D). Hence
there is a one-to-one correspondence between the tuples in
the output Q(D) and Q ′(D ′), and also in the input D and D ′.
Therefore, a solution to GDP(Q,k,D) of size C corresponds
to a solution to GDP(Q ′,k,D ′), and vice versa. 
Hardness propagation for Decomposition-7. Now
we show the hardness propagation for the seventh sim-
plification step. Unlike the above two steps, this step re-
quires a careful construction. For instance, consider a query
Q(A,B, E) : −R1(A),R2(A,B),R3(B),R4(E), which can be
decomposed into two connected components Q1(A,B) :
−R1(A),R2(A,B),R3(B) and Q
2(E) : −R4(E). As we show
later in Lemma B.1, GDP(Q1,k ′,D ′) is NP-hard for some
k ′,D ′, so although Q2 is easy (see Section 3.2), GDP(Q,k,D)
should be NP-hard for some k,D. An obvious approach is to
assign a dummy value for E in R4(E) similar to Lemma A.1
above. However, if the number of tuples in R4 is one or small
in D, GDP(Q,k,D) gains advantage by removing tuples from
R4, thereby completely bypassing Q
1. Therefore, a possible
solution is to use a large number of tuples in R4 that do not
give a high benefit to delete from R4, e.g., if it has more than
the number of tuples in the output of Q1 on D restricted
to R1,R2,R3. First, we show the hardness propagation for a
single application of Decomposition-7.
Lemma A.3. Let Q is decomposed into maximal connected
components Q1, · · · ,Qs where s ≥ 2. without loss of gen-
erality (wlog.), suppose GDP(Q1,k ′,D ′) is NP-hard. Then,
GDP(Q,k,D) is NP-hard.
Proof. Given Q1,k ′,D ′, we create k,D as follows. In D,
all relations in Q1 retain the same tuples. For all relations
Ri ∈
⋃s
j=2 rels(Q
j ), we create L tuples as follows: let us fix
Ri , and let A1, · · · ,Au be the attributes in Ri . Ri in D con-
tains L tuples of the form tℓ = (a1, ℓ,a2, ℓ, · · · ,au, ℓ), for ℓ = 1
to L. Similarly, we populate the other relations. Note that in
all the relations Ri that an attribute Ah appears in, it has L
values ah,1, · · · ,ahL . Therefore, any connected component
Q2, · · · ,Qs except Q1 has L output tuples (the components
are maximally connected) and each input tuple of a rela-
tion participates in exactly one output tuple within the con-
nected component. SinceQ1, · · · ,Qs are disjoint in terms of
attributes, in the output ofQ , the outputs of each connected
component will join in cross products. Suppose Q1(D ′) has
P output tuples. Then the number of output tuples in Q(D)
is P · Ls−1. We set k = k ′ · Ls−1 and L = P + 1. The size of D
is |D ′ | + L(s − 1). Since P ≤ |D ′ |p
′
(where p ′ is the number
of relations in Q1), the increase in size of the inputs in this
reduction is still polynomial in data complexity. Now we ar-
gue that GDP(Q1,k ′,D ′) has a solution of size C if and only
if GDP(Q,k,D) has a solution of size C .
(only if) If by removing C tuples from rels(Q1) we re-
move k ′ tuples from Q1(D ′), then by removing the same C
tuples we will remove k ′ · Ls−1 output tuples from Q(D) by
construction as the output tuples from the connected com-
ponents join by cross product, and each connected compo-
nent has L output tuples.
(if) Consider a solution to GDP(Q,k,D) that removes at
least k = k ′.Ls−1 tuples fromQ(D). Note that any tuple from
any relation Ri ∈ rels(Q
j ), j ≥ 2, can remove exactly 1 out-
put tuple from the output of connected componentQ j that it
belongs to. Therefore, it removes exactly o2 = P .L
s−2 tuples
from the output. On the other hand, since we do not have
any projection, any tuple from any relation Ri ∈ rels(Q
1)
removes at least one output tuple from Q1(D ′), therefore at
least o1 = L
s−1 output tuples from Q(D). Since L = P + 1,
o2 < o1. Therefore, if the assumed solution to GDP(Q,k,D)
removes any input tuple from any relation belonging to
Q2, · · · ,Qs , we can replace it by any input tuple from the
relations in Q1 that has not been removed yet without in-
creasing the cost or decreasing the number of output tuples
removed. Therefore, wlog. all removed tuples appear in re-
lations in Q1. Since k = k ′.Ls−1 tuples are removed from
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Q(D), each tuple inQ1(D ′) removes exactly Ls−1 tuples from
Q(D), and the set of tuples removed from Q(D) by tuples
fromQ1(D ′) are disjoint, at least k ′ tuples must be removed
from Q1(D ′) which gives a solution of cost at most C . 
Although the above proof requires an exponential blow-
up in the size of the query and not the data, there may be
multiple application of Decomposition-7 in Algorithm1 in
combination with the other simplification steps. Therefore,
we need to ensure that the size of the instance D that we
create from D ′ is still polynomial in data complexity for the
original query that we started with.
Using ideas from Lemmas A.1, A.2, and A.3, below we ar-
gue if any application of Decomposition-7 yields a hard
query in one of the components, then the query we started
with (say Q0) is hard. Such an argument was not needed
for CommonAttribute-5 and CoOccurrence-6 since in
Lemma A.1 and A.2 the reductions do not yield an increase
in the size of database instance.
Lemma A.4. Let Q0 be the query that is given as the ini-
tial input to Algorithm 1. For any intermediate query Q ′ in
the recursion-tree of Q0, if GDP(Q
′,k ′,D ′) is NP-hard, then
GDP(Q0,k,D) is NP-hard.
Proof. Consider the recursion-tree T in which the sim-
plification steps have been applied from Q0 to Q
′. Now con-
sider the node Q ′ in T such that GDP(Q ′,k ′,D ′) is NP-hard.
The instance D ′ is defined on the relations and attributes
in Q ′. From D ′, we need to construct an instance D on the
relations and attributes in Q0.
Consider the path fromQ ′ to the rootQ0. The relations in
Q ′ can lose attributes from the corresponding relations inQ0
only by steps CommonAttribute-5 and CoOccurrence-6
along this path. For the the attributes that were lost on the
path fromQ0 toQ
′, we populate the values bottom-up from
Q ′ to Q0 as follows. The relations appearing in Q
′ have the
same number of tuples inD andD ′. Moreover, (i) if two vari-
ables A,B are replaced by a variableC by CoOccurrence-6,
both A and B get the same values ofC in the corresponding
tuples, (ii) if a variableA is removed byCommonAttribute-
5, we replace it by a constant value ∗ in all tuples. Let Q be
the query formed by extending the relations in Q ′ with at-
tributes by this process at the root.
Note that the relations in any non-descendant and
non-ancestor node Qnad will be disjoint from those in
Q ′, but they can share some attributes with Q only by
CommonAttribute-5: CommonAttribute-5 is applied
beforeCoOccurrence-6 somultiple attributes co-occurring
in all relations will be removed by CommonAttribute-5
not by CoOccurrence-6; further before CoOccurrence-6
can be applied, the decomposition step Decomposition-
7 must be called at least once. We take all the relations
that do not appear in the ancestors and descendants of Q ′,
and do a maximal connected component decomposition on
them excluding the attributes that are common with Q . Let
s be the number of connected components. The tables in
the connected components each get L tuples as in the con-
struction of Lemma A.3: consider a relation Ri < rels(Q).
(a) if there is an attribute A ∈ attr(Ri ) ∩ attr(Q), as-
sign A = ∗ in all L tuples, (b) for all other attributes say
(A1, · · · ,Au ) ∈ attr(Ri ) \ attr(Q), Ri in D contains L tu-
ples of the form tℓ = (a1, ℓ,a2, ℓ, · · · ,au, ℓ), for ℓ = 1 to L.
Therefore, the number of output tuples in each connected
component is L and each input tuple from each connected
component can remove exactly one output tuple from the
component.
R1
A B
a1 b1
a1 b2
a2 b1
R3
B K
b1 k1
b1 k2
b2 k1
b2 k3
R4
K
k1
k2
k3
k4
Q1(A,B,K) : − R1(A,B), R3(B,K), R4(K)
R1
A B
a1 b1
a1 b2
a2 b1
R3
B C E
b1 k1 k1
b1 k2 k2
b2 k1 k1
b2 k3 k3
R4
C E
k1 k1
k2 k2
k3 k3
R2
F G
f1 д1
f2 д2
f3 д3
f4 д4
f5 д5
f6 д6
f7 д7
R5
G H
д1 h1
д2 h2
д3 h3
д4 h4
д5 h5
д6 h6
д7 h7
Figure 5: An example construction for Lemma A.4:
Consider the full CQQ0 fromFigure 2. For the instance
of Q1 given in this figure, we create an instance D for
Q0. Since we replacedC, E with K , bothC, E get the val-
ues from K . The output size of Q1 is 6, therefore the
relations in Q2 that do not share any attributes with
Q1, so we add 6 + 1 = 7 tuples to R2 and R5 of the form
(fi ,дi ) and (дi ,hi ), for 1 ≤ i ≤ 7, respectively.
An example reduction is shown in Figure 5.
Eventually, Q0 is formed by joining Q with the rela-
tions in the s connected components. The attribute val-
ues ∗ or repeated values due to CommonAttribute-5 and
CoOccurrence-6 are not going to impact the number of
output tuples.
Now the same reduction as in Lemma A.3 works: we set
k = k ′.Ls where L = P + 1, and P = the number of tuples in
Q ′(D ′). We again argue that GDP(Q ′,k ′,D ′) has a solution of
size C if and only if GDP(Q0,k,D) has a solution of size C .
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Algorithm 3 when Q has two relations
TwoRelations(Q,k,D)
1 Let Q(A1 ∪ A2) : −R1(A1),R2(A2) (wlog.)
2 if A1 ∩ A2 = ∅
3 Let n1,n2 be the number of tuples in R1,R2 in D
4 if n1 ≤ n2
5 return any ⌈ kn1 ⌉ tuples from R1
6 else
7 return any ⌈ kn2 ⌉ tuples from R2
8 else
9 Let A12 = A1 ∩ A2
10 Let a1, · · · , aд be all the distinct value combinations
of attributes in A12 in D
11 Let Gi = set of tuples t in R1 such that t .A12 = ai ,
and letmi = |Gi |, for i = 1 to д.
12 Let Hi = set of tuples t in R2 such that t .A12 = ai ,
and let ri = |Hi |, for i = 1 to д.
13 For i = 1 to д, let pi = max(mi , ri )
14 wlog. assume that p1 ≥ p2 ≥ · · · ≥ pд
(else sort and re-index)
15 Set numtup = 0, i = 1, O = ∅
16 while numtup ≤ k
17 if mi ≤ ri
18 Si = Gi
19 else Si = Hi
20 Include any tuple t from Si to O. Si = Si \ {t}
21 if Si = ∅
22 i = i + 1
23 numtup = numtup + 1
24 return O
(only if) If by removing C tuples from rels(Q ′) we re-
move k ′ tuples from Q ′(D ′), then by removing the corre-
sponding C tuples from Q , we will remove k ′ · Ls output
tuples fromQ0(D), by construction. The output tuples from
the s connected components join by cross product, and each
connected component has L output tuples.
(if) Consider a solution to GDP(Q0,k,D) that removes at
least k = k ′.Ls tuples from Q0(D). Note that any tuple from
any relation Ri < rels(Q), can remove exactly 1 output tu-
ple from the output of connected component that it belongs
to. Therefore, it removes exactly o2 = P .L
s−1 tuples from
the output. On the other hand, since we do not have any
projection, any tuple from any relation Ri ∈ rels(Q) re-
moves at least one output tuple from Q ′(D ′), therefore at
least o1 = L
s output tuples from Q0(D). Since L = P + 1,
o2 < o1. Therefore, if the assumed solution to GDP(Q0,k,D)
removes any input tuple from any relation belonging to the
relations < rels(Q), we can replace it by any input tuple
from the relations in Q that has not been removed yet with-
out increasing the cost or decreasing the number of output
tuples removed. Therefore, wlog. all removed tuples appear
in relations in Q . Since k = k ′.Ls tuples are removed from
Q0(D), each tuple in the relations from Q removes exactly
Ls tuples from Q0(D). Since the set of tuples removed from
Q0(D) by tuples from Q are disjoint, and the extension of
attributes from relations in Q ′ to those in Q by repeating
values or by using a constant ∗ does not have an effect on
the number of output tuples, at least k ′ tuples must be re-
moved fromQ ′(D ′), giving a solution of cost at mostC . 
B GDP FOR PATHS OF LENGTH-2 IS
NP-HARD
Lemma B.1. For the query Q2−path(A,B) :
−R1(A),R2(A,B),R3(B), the problem GDP(Q,k,D) is NP-
hard.
Proof. We give a reduction from PVCB problem that
takes as input G = (U ,V , E) and k .
Given an instance of the PVCB problem, we construct
an instance D of GDP as follows for Q2−path(A,B) :
−R1(A),R2(A,B),R3(B). For every vertexu ∈ U , we include a
tuple tu = (u) in R1(A); similarly, for every vertex v ∈ V , we
include a tuple tv = (v) in R3(B). For every edge (u,v) ∈ E
where u ∈ U ,v ∈ V , we include a tuple tuv = (u,v) in
R2(A,B). Therefore the output tuples in Q2−path(D) corre-
sponds to the edges in E.
We can see that PVCB has a solution of sizeC if and only
if GDP(Q2−path ,k,D) has a solution of size C for the same k .
The only if direction is straightforward. For the other direc-
tion, note that by removing a tuple of the form tuv exactly
one tuple from the output can be removed. Hence if any such
tuple is chosen by the solution of GDP, it can be replaced
by either tu or tv without increasing cost or decreasing the
number of output tuples deleted. 
Algorithm 4When the attributes Ai of Ri form a subset of
all other relations in Q
OneSubset(Q,k,D,Ri )
1 Let a1, · · · , aд be all the distinct value combinations
of attributes in Ai in Ri in D
(and they correspond to д tuples in Ri )
2 For every aj , compute the numberm j of output tuples
t in Q(D) such that t .Ai = aj .
3 Wlog. assume thatm1 >m2 > · · · >mд for a1, a2, · · · , aд
4 Let s be the smallest index such that
∑s
j=1m j ≥ k
5 return the tuples from Ri that correspond to a1, · · · , as
C PROOF OF THEOREM 4.2
Proof. We prove that the reduction preserves the ap-
proximation guarantee in two steps: 1) given an instance
of GDP(Q,k,D), how to construct an instance of k ′-PSC, and
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Algorithm 7 When Q can be decomposed into s > 1 con-
nected components of relations
DecompCrossProduct(Q,k,D,Q1, · · · ,Qs )
1 Set Q1 = Q
1.
2 for i = 2 to s
3 Set Q2 = Q
i .
4 /*Compute OptSoli,s below for the optimal solution to
remove at least s tuples from the output of Qi = join of Q
1, · · · ,Qi*/
5 Letm1 = |Q1(D)|, andm2 = |Q2(D)| for s = 1 to k
6 OptSoli,s = mink1,k2:k1,k2≤s and k1m2+k2m1−k1k2≥s
|OptSoli−1,k1 | + |ComputeOpt(Q2,k2,D2)|
7 Qi+1 = join ofQi and Q
i+1.
8 i = i + 1.
9 return OptSols,k .
Algorithm 5 When all relations in Q have a common at-
tribute A (the actual poly-time implementation is discussed
in Section 3.2.2)
CommonAttrPartition(Q,k,D,A)
1 Let a1, · · · ,aд be all the values of A in D.
2 We partition D into D1, · · · ,Dд , where all tuples t in all tables
in Di have t .A = ai , i = 1 to д.
3 Create a table OptCost[1 · · ·д][1 · · ·k] where OptCost[i][ℓ]
denotes the optimal solution to GDP(Q, ℓ,D) where the input
tuples can only be chosen from D1, · · · ,Di . The
corresponding solutions are stored in OptSol[1 · · ·д][1 · · ·k].
4 for i = 1 to д
5 for s = 1 to k
6 OptCost[i][s] = OptCost[i − 1][s] (also set OptSol)
7 form = 1 to s − 1
8 Let Si,m = ComputeOpt[Q,m,Di ]
9 Let ci,m = |Si,m |
10 if OptCost[i][s] > OptCost[i − 1][s −m] + ci,m
11 OptCost[i][s] = OptCost[i − 1][s −m] + ci,m
(and update OptSol)
12 return OptSol[д][k].
Algorithm 6When two attributes A,B appear in the same
set of relations in Q
CoOccurrence(Q,k,D,A,B)
1 Replace bothA,B by a new attributeC < attr(Q)
in all relations where A and B appear
2 Let the new query be QAB→C
3 Initialize D′ = D
4 If A,B ∈ attr(Ri ), replace all original tuple t ∈ Ri in D by
t ′ in D′ such that t ′.C = (t .A, t .B), and
t ′.F = t .F for all other attributes , A,B in Ri
5 Let S = ComputeOpt(QAB→C ,k,D
′)
6 If S includes any tuple t from any Ri in Q such that
A,B ∈ rels(Ri ), change all such tuples to their original form
by replacing t .C = (a,b) to t .A = a, t .B = b
7 return S
2) given a solution to k ′-PSC, how to recover a solution to
GDP(Q,k,D).
Given the full CQ Q containing p relations in its body,
namely R1,R2, · · · ,Rp , we create a set per input tuple in the
p relations, and an element per output tuple in Q(D). Each
set contains elements that correspond to the output tuples
resulting from the join between the associated input tuple
and tuples from other relations in Q . It is well-known that
the natural join on R1,R2, · · · ,Rp can be computed in poly-
time. Moreover, exactly one tuple in each of the p relations
participates in the join operation that produces a particular
output tuple. Therefore, each element in thek ′-PSC instance
belongs to exactly p sets. As a result, the size of the k ′-PSC
instance that we create is polynomial in the data complexity
of GDP(Q,k,D). Moreover, there is a one-on-one correspon-
dence between instances of the two problems.
Lastly, given a p-approximate solution to k ′-PSC, we re-
cover a solution to GDP(Q,k,D) by picking the tuples asso-
ciated with the sets in the solution, say I . Observe that the
sets in I cover k ′ = k elements in U . Thus, removing the
corresponding input tuples from GDP(Q,k,D)will intervene
on at least k output tuples. 
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